Abstract. Generalizing the notion of nil cleanness from [9] , in parallel to [8] , we define the concept of weak nil cleanness for an arbitrary ring. Its comprehensive study in different ways is provided as well. A decomposition theorem of a weakly nil-clean ring is obtained. It is completely characterized when an abelian ring is weakly nil-clean. It is also completely determined when a matrix ring over a division ring is weakly nil-clean.
Introduction and background
All rings R in this paper are associative with 1, but not necessarily commutative. The letters U (R), J(R), Id(R), N il(R) and Z(R) will stand for the set of units, the Jacobson radical, the set of idempotents, the set of nilpotents and the center of R, respectively. This work is motivated by the notions of cleanness, weak cleanness, and nil-cleanness. A ring R is called clean if each element r ∈ R can be written as r = u + e where u ∈ U (R) and e ∈ Id(R) [15] . As a variant of a clean ring, a ring is called nil-clean if each element a ∈ R can be represented as a = b + e, where e ∈ Id(R) and b ∈ N il(R) [9] . If this presentation is unique, the ring R is called uniquely nil-clean. Note that a ring R is (nil-)clean if and only if, for each a ∈ R, a = b − e where b is a unit (resp., nilpotent) and e is an idempotent. In [1] the authors called a commutative ring weakly clean if every element is a sum or a difference of a unit and an idempotent. Following the same idea, in [8] was stated the definition of a weakly nil-clean commutative ring as such a ring R for which any element a ∈ R is of the form a = b + e or a = b − e, where b ∈ N il(R) and e ∈ Id(R). It is shown there that weakly nil-clean commutative rings are of necessity clean. Moreover, a ring R is said to be uniquely weakly nil-clean if each element can be uniquely presented as the sum or the difference of a nilpotent and an idempotent. Likewise, an element a ∈ R is nil-clean (resp., weakly nil-clean) if a = b + e (resp., a = b + e or a = b − e), where b is nilpotent and e is idempotent.
The aim of the current paper is to study weak nil-cleanness in the context of arbitrary but not necessarily commutative rings; resultantly we enlarge the most part of the results in [9] to this new point of view. It is organized as follows: In the next section we state some fundamental facts concerning weakly nil-clean rings, including a decomposition theorem (Theorem 5) which states that every weakly nil-clean ring is a direct product of a nil-clean ring and a ring with the nilinvolution property. In the third section we study abelian weakly nil-clean rings, and we prove a structure theorem of these rings (Theorem 12). In particular, we show that these rings are exactly the uniquely weakly nil-clean rings. After that, in the fourth section, we completely determine when the matrix ring over a division ring is weakly nil-clean.
For a ∈ R, we writeā = a + J(R) ∈ R/J(R). We also denote by M n (R) the ring of all n × n matrices over R. All other unexplained explicitly below notion and notation are standard and follow essentially those from [14] .
Weakly nil-clean rings
The following assertion is useful for applications. Lemma 1. Let I be an ideal of a ring R. If R is weakly nil-clean, then R/I is weakly nil-clean.
The converse holds if I is nil.
Proof. We only need to show the converse. Let a ∈ R. Write either a+I = (b+I)+(e+I) = (b+e)+I or a + I = (b + I) − (e + I) = (b − e) + I, where b + I is a nilpotent and e + I is an idempotent. It is obvious that b is again a nilpotent. It is well known that idempotents lift modulo any nil ideal, so that this allows to assume that e is also an idempotent.
Furthermore, a − b − e ∈ I or a − b + e ∈ I. It follows immediately that a − e = b + c or a + e = b + c, where c ∈ I. Either way, b + c is again a nilpotent; in fact, since b k = 0 for some k ∈ N, we have that (b + c) k ∈ I because I ⊳ R is an ideal. So, R is weakly nil-clean, as desired.
The next result, which is a reduction to the semiprimitive case, was established in [8] for commutative rings only.
Theorem 2. Let R be a ring. The following are equivalent:
(1) R is weakly nil-clean.
(2) 6 is nilpotent and R/6R is weakly nil-clean.
(3) R/J(R) is weakly nil-clean and J(R) is nil.
Proof.
(1)⇒(2). There exist an idempotent e and a nilpotent b such that 2 = b + e or 2 = b − e. If
b is a nilpotent, and hence is in
so 6 = (5 − b)b is a nilpotent and is in J(R). Applying Lemma 1 we obtain the conclusion.
(2)⇒(3). Note that 6 ∈ J(R) since 6 is a central nilpotent element. So R/J(R) is isomorphic to a factor ring of R/6R, hence it is weakly nil-clean in view of Lemma 1.
Suppose j ∈ J(R). Then j = b + e or j = b − e, where e 2 = e ∈ R and b ∈ R is a nilpotent.
Assume that b n = 0. Therefore (e − j) n = 0 or (e + j) n = 0, and it follows that e = e n ∈ J(R). So we deduce e = 0, and hence j = b is a nilpotent. Thus, J(R) is nil. As an image of R, in accordance with Lemma 1, R/J(R) is clearly weakly nil-clean.
(3)⇒(1). Let a ∈ R. Thenā =b +ē orā =b −ē, whereē is an idempotent andb is a nilpotent.
As J(R) is nil, idempotents lift modulo J(R), so we can assume that e 2 = e. Thus, there exists
is a nilpotent. Hence, a is weakly nil-clean, as needed.
The finite direct product of nil-clean rings is also a nil-clean ring, but an infinite direct product of nil-clean rings need not be nil-clean (see, for instance, Proposition 3.13 and the Remark after it in [9] ). On the other side, for the case of weakly clean rings it is proved in [1] that a direct product of rings is weakly clean if and only if all but one factors are clean and this factor is weakly clean.
The same can be said of weak nil cleanness; even more the following criterion holds:
Proposition 3. Let R = i∈I R i be a direct product of rings with |I| ≥ 2.
(1) Suppose I is finite. Then R is weakly nil-clean if and only if there exists k ∈ I such that R k is weakly nil-clean and R j is nil-clean for all j = k.
(2) Suppose R is abelian. Then R is weakly nil-clean if and only if there exists k ∈ I such that R k is weakly nil-clean and R j is nil-clean for all j = k and (b i ) ∈ N il(R) whenever
(1) Suppose that R is weakly nil-clean. As an image of R, each R i is weakly nil-clean as a consequence of Lemma 1. Assume that there exist two indices i 1 and i 2 such that neither R i1 nor R i2 are nil-clean. Then there exist r 1 ∈ R 1 and r 2 ∈ R 2 such that r 1 is not a sum of a nilpotent and an idempotent and r 2 is not a difference of a nilpotent and an idempotent. Thus (r 1 , r 2 ) is not
Conversely, we assume that R k is not nil-clean for a fixed index k ∈ I. Thus R j is nil-clean for all j = k. Let r = (r i ) ∈ R. Then there exist a nilpotent b k and an idempotent e k in R k such that So, r is weakly nil-clean in R, as expected.
(2) The proof is similar to that of (1), except for the part that R being abelian weakly nil-clean
. Assume on the contrary that b is not nilpotent. We write b = c ± e such that c = (c i ) ∈ R is nilpotent and e = (e i ) ∈ R is idempotent.
Note that we can find a positive integer k such that c
consequence of Binomial Theorem we obtain that e j is nilpotent. This is possible only if e j ∈ {0, 1}.
But this implies that b
The following was proved in [8, Proposition 1.10] for commutative rings.
Proposition 4. A ring R is nil-clean if and only if R is weakly nil-clean and 2 ∈ J(R).
Proof. The necessity follows from [9, Proposition 3.14]. For the sufficiency, note that R/J(R) is of characteristic 2, so x = −x for every x ∈ R/J(R). Then R/J(R) is a nil-clean ring, and we can apply [9, Corollary 3.17] since J(R) is nil.
The main result in this section is the following decomposition theorem of a weakly nil-clean ring, which shows that a nil-clean component is split off from a weakly nil-clean ring. To precisely describe this situation, we need to define a special property of a ring. According to [11] , a ring is said to satisfy the involution property if every element is a sum of a unit and an involution (i.e.,
an element whose square is 1). Motivated by this, we say that a ring R satisfies the nil-involution property if, for each a ∈ R, a = u + v where u ∈ Nil(R) ± 1 and v 2 = 1.
Theorem 5. The following are equivalent for a ring R:
(1) R is a weakly nil-clean ring.
where R 1 is a nil-clean ring and R 2 is 0 or an indecomposable weakly nil-clean ring with 3 ∈ J(R 2 ). (3) R is a direct product of a nil-clean ring and a ring with the nil-involution property.
(1) ⇒ (2). By Theorem 2(2), we have 6 n = 0 for some n > 0. Then 2 n R ∩ 3 n R = 0 and
by the classical Chinese Remainder Theorem. By Lemma 1, R 1 and R 2 are weakly nil-clean. As 2 ∈ J(R 1 ), R 1 is nil-clean by Proposition 4.
We can assume R 2 = 0. Then 3 ∈ J(R 2 ). In particular, 2 is invertible in R 2 . Hence we can use [9, Proposition 3.14] to observe that R 2 is not nil-clean. By Proposition 3, we deduce that every weakly nil-clean ring with 2 invertible is indecomposable. Therefore, R 2 is indecomposable. (1 − v)/2 an idempotent. So, R is weakly nil-clean.
Corollary 6. A ring R satisfies the nil-involution property if and only if R is weakly nil-clean with
2 ∈ U (R).
Corollary 7. Every weakly nil-clean ring is clean.
Proof. If R satisfies the nil-involution property, then R has the involution property. So, R is clean by [10, Theorem 3.5] . Moreover, every nil-clean ring is clean. Therefore, every weakly nil-clean ring is clean by Theorem 5.
To further understand the structure of a weakly nil-clean ring, we raise the following question.
Question 8. Characterize the rings satisfying the nil-involution property.
Now we give some examples of weakly nil-clean rings.
Examples 9.
(1) Let n ≥ 2 and integer. Then the ring Z n is weakly nil-clean if and only if n = 2 ℓ 3 k , where ℓ, k ≥ 0 are integers.
, and let σ : R → R given by a + bt → a. It is readily seen that σ is an endomorphism of R.
, that is, S = {r + sx : r, s ∈ R} with x 2 = 0 and xr = σ(r)x for all r ∈ R. It is easily seen that J(S) = J(R) + Rx, so J(S) 3 = 0. Moreover, S/J(S) ∼ = Z n . Consequently, S is weakly nil-clean by Theorem 2. But for r = 1 + t we have that σ(r) = 1, so that xr = α(r)x = x = rx. Thus S is not commutative. Note that S is a local ring.
(3) Let R be a ring and M an (R, R)-bimodule. Then the trivial extension of R by M ,
is a weakly nil-clean ring if and only if R is a weakly nil-clean ring.
(4) As usual, for any n ≥ 2, T n (R) denotes the triangular matrix ring over R. Then T n (R) is weakly nil-clean if and only if R is nil-clean.
It is known that the center of a clean ring need not be clean [4] . In that aspect, the following is somewhat surprising, but it is useful in order to approach constructions of weakly nil-clean rings.
Proposition 10. The center of a weakly nil-clean ring is again a weakly nil-clean ring.
Proof. Suppose R is a weakly nil-clean ring. Given a ∈ Z(R), we write a = b + e or a = b − e, where e ∈ Id(R) and b ∈ N il(R). We will foremost deal with the first equality. Multiplying it by e from the left, we have that ea = e + eb = e(1 + b). Thus e = ea(1
hence it is readily checked that e ∈ Ra k for any k ≥ 1 because e is an idempotent. Letting now y ∈ R be an arbitrary element, by what we have established so far we infer that
Therefore, ey(1 − e) = (1 − e)ye, i.e., ey = ye which means that e ∈ Z(R). This ensures that b ∈ Z(R) and thus it allows us to conclude that a has a nil-clean decomposition.
The same manipulation also works for the other equality a = b − e to get the wanted claim that Z(R) is weakly nil-clean, as asserted.
Corollary 11. The center of a nil-clean ring is also nil-clean.
Proof. If R is a nil-clean ring then Z(R) is a weakly nil-clean ring. But in view of [9] we have that 2 is a central nilpotent, hence 2 ∈ J(Z(R)) and so Z(R) must be nil-clean by Proposition 4.
Abelian weakly nil-clean rings
The following assertion substantially improves Theorems 2.2 from [7] .
Theorem 12. The following are equivalent for a ring R:
(1) R is an abelian weakly nil-clean ring.
(3) R is abelian, J(R) is nil, and R/J(R) is isomorphic to either a Boolean ring, or to Z 3 , or
to the direct product of two such rings.
(4) R is a uniquely weakly nil-clean ring.
Proof. (1)⇒(2). By Theorem 2, J(R) is nil. Employing Theorem 5, we write
R 1 is an abelian nil-clean ring and R 2 is 0 or an abelian indecomposable weakly nil-clean ring with 3 ∈ J(R 2 ). By [9, Proposition 3.18 and Corollary 3.19], R 1 /J(R 1 ) is Boolean. Assume R 2 = 0. We observe that Id(R 2 ) = {0, 1}, so every element of R 2 is nilpotent or invertible. Therefore, R 2 has to be local. Thus, R 2 /J(R 2 ) is a division ring of characteristic 3 and is weakly nil-clean. It must
(2)⇒(3). It is obvious.
(3)⇒(4). By Theorem 2, R is weakly nil-clean. As J(R) is nil and R/J(R) is reduced, we deduce J(R) = N il(R). Assume that, for a ∈ R, there exist idempotents e and f and nilpotents b and c such that a = b + e or a = b − e and that a = c + f or a = c − f . We have to show that e = f .
There are four cases that we have to consider:
For case (i) or (iv), we have e − f ∈ J(R). For case (ii) or (iii), we have e + f ∈ J(R). Thus, in any case, we have e − f = (e − f )(e + f ) ∈ J(R). It follows that (1 − e)f = −(1 − e)(e − f ) ∈ J(R) and e(1 − f ) = (e − f )(1 − f ) ∈ J(R). As both (1 − e)f and e(1 − f ) are idempotents, we conclude that (1 − e)f = 0 and e(1 − f ) = 0. So f = ef = e, as required.
(4)⇒(1). It is enough to prove that R is abelian. Let e 2 = e ∈ R. Then, for any r ∈ R, e = e + 0 = (e − er(1 − e)) + er(1 − e) are two decompositions into the sum of an idempotent and a nilpotent. So er(1 − e) = 0. Similarly, (1 − e)re = 0. Hence er = re, and thus all idempotents in R are central, that is, R is abelian.
Utilizing the same technique, a part of the last statement can be slightly extended to the quotient R/J(R).
Corollary 13. Let R/J(R) be an abelian ring. Then R is weakly nil-clean if and only if J(R) is nil and R/J(R) is isomorphic to either a Boolean ring, or to Z 3 , or to the direct product of two such rings.
The next assertion settles in the affirmative Problem 1 from [8] . It is worth noting that an abelian weakly nil-clean ring need not be commutative by Example 9(2).
Corollary 14. Any reduced weakly nil-clean ring is commutative.
As established above in Corollary 7, every weakly nil-clean ring is always clean. However, by a combination of Theorem 12 with results from [17] , one can infer the surprising fact that a uniquely weakly nil-clean ring is not necessarily uniquely clean, and hence not necessarily uniquely nil-clean.
We recall from [7, Theorem 5.4 
] that a ring R is uniquely nil-clean if and only if R is abelian
nil-clean. So, with Theorem 12 at hand, one can deduce the following analogue of Proposition 4.
Corollary 15. A ring R is uniquely nil-clean if and only if R is uniquely weakly nil-clean and
2 ∈ J(R).
As aforementioned, it was proved in [8] that a commutative weakly nil-clean ring is clean. Here we shall extend this to abelian rings in a wider context. An element a in a ring R is called strongly π-regular if a n ∈ Ra n+1 ∩ a n+1 R for some n > 0, and the ring is called strongly π-regular if every element of R is strongly π-regular. It is known that every strongly π-regular ring is clean (see [3] or [16] ).
Proposition 16. Every weakly nil-clean element of an abelian ring is strongly π-regular. In particular, every abelian weakly nil-clean ring is strongly π-regular.
Proof. Suppose that r is a weakly nil-clean element of an abelian ring R. If r = −e + b for an idempotent e and a nilpotent b, then r = (1 − e) + (b − 1), which is a decomposition of r into the sum of an idempotent and a unit. If, on the other hand, r = b + e for an idempotent e and a nilpotent b, then we can write r = (1 − e) + (2e − 1 + b), which is also a decomposition of r into the sum of an idempotent and a unit. In fact, in each of these cases, r(1 − e) = b(1 − e) is a nilpotent.
So r is strongly π-regular by [9, Proposition 2.5].
As a connection to strongly π-regular rings, one may state the following strengthening of results on uniquely nil-cleanness of rings from [6] and [9] .
Corollary 17. A ring R is uniquely weakly nil-clean if and only if R is abelian strongly π-regular such that R/J(R) is isomorphic to either a Boolean ring, or to Z 3 , or to the direct product of two such rings.
Proof. It is well known that strongly π-regular rings R have nil J(R). Henceforth, we employ Proposition 16 and Theorem 12 to get the wanted claim.
When is M n (R) weakly nil-clean?
By [12] , matrix rings over a clean ring are again clean as well as by [15, Proposition 2.6] . It is still a left-open question whether the matrix ring over a nil-clean ring is nil-clean (see [9] ). Note that in [2] this was settled in the affirmative provided that R is commutative. However, as it will be manifestly shown below, even in the commutative case, the matrix ring over a weakly nil-clean ring surprisingly need not be weakly nil-clean.
We will completely determine when a matrix ring over a division ring is weakly nil-clean. Let us start with a reduction technical assertion.
Lemma 18. Suppose that A and −A are similar matrices. Then A is nil-clean if and only if A is weakly nil-clean.
Proof. If A = N − E where N is nilpotent and E is idempotent and P is an invertible matrix such that −A = P AP −1 , then it is easy to check that A = (−P N P −1 ) + P EP −1 , that −P N P −1 is a nilpotent matrix, and that P EP −1 is idempotent. So, A is nil-clean. The converse implication is obvious.
The following statement is known, but we include a proof for the sake of completeness and reader's convenience.
Lemma 19. Let F be a field and
Proof. It is known that E is similar to a diagonal matrix, so there exists an invertible matrix
Because the trace is similarityinvariant, we have trace(E) = trace(P EP
Proof. Assume A = N + E, where N is nilpotent and E is idempotent. There exists an invertible
with Lemma 19 at hand that 0 = trace(A) = trace(P AP −1 ) = trace(P N P −1 ) + trace(P EP −1 ) = 0 + trace(E) = rank(E) · 1 Z3 , which is possible only if rank(E) = 0. Thus, we have E = 0 , a contradiction.
As a direct consequence to Lemmas 18 and 20, we derive:
is not weakly nil-clean, though Z 3 is weakly nil-clean.
Proof. Assume that A = N + E, where N is nilpotent and E is idempotent. As argued in the proof of Lemma 20, we obtain rank(E) · 1 Z3 = 0, which is possible only if rank(E) = 0 or rank(E) = 3.
Hence E = 0 or E = I 3 (as E is idempotent). It follows that A is nilpotent or invertible, a contradiction.
If A is a matrix, we denote by L Proof. Assume that A = E + N such that E = (e ij ) is idempotent and From the equalities N E = AE − E, EN = EA − E, and A 2 = E + EN + N E + N 2 we obtain that Since N 4 = 0 we have L We come to our basic result in this section describing when the full matrix ring over a division ring is weakly nil-clean. It completely exhausts Problem 2 from [8] . Before doing that, we need the following useful technicality.
Lemma 24. Let D be a division ring and n ≥ 1.
Proof. It is easy to see that D is weakly nil-clean if and only if |D| ≤ 3. So we can assume n ≥ 2. Let 
Proof. (⇐)
. By the usage of [2] , the ring M n (Z 2 ) is nil-clean, and hence it is immediately weakly nil-clean. Moreover, it is obviously seen that Z 3 is weakly nil-clean.
(⇒). Suppose M n (D) is weakly nil-clean. It follows from Lemma 24 that |D| ≤ 3. To finish the proof, we assume D = Z 3 and then verify n = 1. Let Assume that, for some n ≥ 4, A ∈ M n (Z 3 ) is nil-clean. Then, there exists a nilpotent B = B 11 B 12 B 21 B 22 ∈ M n (Z 3 ) with B 11 ∈ M 2 (Z 3 ) such that A − B is an idempotent. We show that this will lead to a contradiction. The following strengthens Corollary 4 of [13] and also uses another idea for proof. Remember that a ring R is said to be strongly regular if it is an abelian (von Neumann) regular ring. By Theorem 12, strongly regular weakly nil-clean ring is isomorphic to either a Boolean, or Z 3 , or a direct product of two such rings.
Corollary 27. Let R be a strongly regular ring and let n ≥ 2. Then M n (R) is weakly nil-clean if and only if R is Boolean.
Proof. The sufficiency follows directly from [2] , so that let we now treat the necessity. It is well known that every strongly regular ring is a subdirect product of division rings (see, e.g., [14] ). Then M n (R) is a subdirect product of matrix rings over division rings (cf. [14] ). By virtue of Lemma 1, we deduce that every such a matrix ring is weakly nil-clean, hence Theorem 25 allows us to conclude that every division ring is isomorphic to Z 2 . Thus R must be Boolean, as asserted.
